Nonnegative matrix factorization (NMF) has become a method of choice for spectrogram decomposition. However, its inability to capture dependencies across columns of the input motivated the introduction of a variant, convolutive NMF. While algorithms for solving the convolutive NMF problem were previously proposed, they rely on the use of a heuristic that does not insure the convergence of the algorithm (in particular in terms of objective function values). The goal of this work is to propose rigorous update rules, based on a majorization-minimization (MM) approach, for convolutive NMF with the β-divergence (a standard family of measures of fit). Specifically, we derive and study two variants of a convolutive NMF algorithm that are guaranteed to decrease the objective function value at each iteration. The complexity of the algorithms is studied, and the performance in terms of execution time and objective function are evaluated and compared in several numerical experiments using real-world audio data. Experiments show that the proposed MM algorithms consistently provide lower values of the objective function than the heuristic, at similar computational cost.
INTRODUCTION
Nonnegative matrix factorization (NMF) consists of decomposing nonnegative data V ∈ R M ×N + , such as a spectrogram, into
where W ∈ R M ×K + and H ∈ R K×N + are two nonnegative matrices referred to as dictionary and activation matrix, respectively. K is usually chosen such that the decomposition is low-rank (K < min(M, N )). NMF is known to produce a factorization that gives a part-based representation of V. This method, popularized by Lee and Seung [1] , has led to state-of-the-art results in audio source separation [2, 3, 4] and music transcription [5, 6] . In the context of audio processing, NMF is typically applied on a spectrogram, with each column corresponding to one time frame of data. It can lead to a meaningful decomposition where the dictionary tends to capture the vertical structure (spectral patterns) while the activation matrix encodes how these are mixed.
In audio data, it is common that spectral patterns (e.g., a note) extend over several time frames. However, by construction, W in the factorization (1) cannot model such temporal dependencies among the columns of V. This limitation of NMF (1) (which will be termed traditional NMF hereafter to avoid ambiguities) has motivated the introduction of a variant, the so-named convolutive NMF, which is able to capture these temporal dependencies efficiently and encode them in a single pattern. Convolutive NMF computes
where {W(t)}t ∈ R M ×K + are nonnegative matrices referred to as dictionaries. The notation t→ . denotes the operator which shifts the entries of a matrix by t columns to the right and replaces the ones shifted in from outside the matrix with zeros. In other words, each column ofV is given by a convolutionvn = t W(t)hn−t where hn denotes the n-th column of H. The columns w k of the dictionary W in traditional NMF now become patches
which capture patterns of length T .
Convolutive NMF was originally introduced in [7] . In that work, the author also proposed an algorithm for finding an approximation V as in (2) , by minimization of an objective function of the form D(V|V), where D(·|·) is a measure of fit, cf. (4) below. However, the update rule for H in [7] is based on a heuristic, see Section 3.2 for details. This constitutes an important limitation because it leads to an algorithm that does not guarantee the decrease of the objective function value. Moreover, the update rules were derived only for a variant of the Kullback-Leibler divergence. Other authors [8] derived update rules for convolutive NMF based on the Euclidean distance criterion but use the same kind of heuristic to update H. Goals and contributions. The goal of this paper is to provide rigorous algorithms for solving the convolutive NMF problem (briefly recalled in Section 2) that guarantee a decrease of the objective function values between two iterates. Our approach is based on the majorization-minimization (MM) technique [9] , which is widely used in the context of NMF and leads to inexpensive update rules. Specifically, we derive two new update rules for H that ensure the convergence of the objective function value (cf. Section 3). The new algorithms are found to have identical leading-order complexity O(M KN T ) as the previous, heuristic formulation, yet to lead to significant practical benefits in terms of obtained objective function values (cf. Section 4). MATLAB codes for the proposed novel algorithms are made available online.
CONVOLUTIVE NMF
The goal of convolutive NMF is to minimize some measure of fit between the data and the approximate factorization (2) . Finding latent 
where D(·|·) is a measure of fit. This paper will assume that D belongs to the family of the β-divergences [10, 11] , which is popular in NMF and encompasses the squared Euclidean distance, the generalized Kullback-Leibler (KL) divergence and the Itakura-Saito (IS) divergence for values of β of 2, 1 and 0, respectively. Note that, as for traditional NMF, convolutive NMF suffers from a scale indeterminacy as for any solution ({W(t)}t, H) of the problem in (4), ({W(t)Λ −1 }t, ΛH) is also a solution, where Λ is a K × K diagonal matrix, with diagonal elements λ k > 0. Similarly to traditional NMF, we can define a renormalization matrix as
, results in patches which have their 1-norm equal to 1.
Likewise [7] , we propose to resort to a block-coordinate descent algorithm that alternates between updates for the latent factors {W(t)}t and H to solve (2) . The global algorithm to solve the convolutive NMF problem can be found in Algorithm 1. In the following, we study in detail the update steps for {W(t)}t and H.
ALGORITHMS FOR UPDATING {W(t)}t AND H

Update rule for {W(t)}t
Unlike traditional NMF, convolutive NMF involves T dictionaries denoted {W(t)}t. Yet, minimizing D(V|V) for a given dictionary W(t) with H and {W(τ )} τ =t fixed leads to minimizing
which, for each t = 1, . . . , T , can be seen as a NMF subproblem with a residual term, i.e., the minimization of a function of the form D(V|WH + R) with H and R fixed. Using the results of [12] , the MM update for W(t) is therefore given by
where • denotes the entry-wise product/exponentiation, γ(β) = (2 − β)
and 1I is the indicator function of set I. In the remaining of the paper, the dictionaries will always be updated using (6).
Heuristic update for H
Unlike the dictionaries {W(t)}t, the NMF subproblems (5) are tied by a unique (shifted) activation matrix H. The update rule for H proposed in [7] proposes to bypass this difficulty by introducing T uncoupled surrogate activation matricesH(t) that replace t→ H in (5). The set of surrogate activation matrices are updated independently and then averaged to form the new update of H. The update for the t-th surrogate activation matrixH(t) is given by the traditional NMF (with residual) update rulē
which we state here for the β-divergence [12] . The average then writes
The artificial de-coupling using surrogate matricesH(t) implies that there is no guarantee for a monotonous decrease of the objective function. We can thus expect that the objective function may not decrease at each step, and experiments confirm that this happens in practice (see Section 4). Algorithm 2 sums up the heuristic procedure to update H.
Sequential MM update for H
We now propose an update rule following a formal MM approach that respects the convolutive structure of the problem. This is achieved by updating the columns of H sequentially (forward pass). The objective function is
with ρ(n) = (n − 1)1 {n<T } + (T − 1)1 {n≥T } . Minimizing the divergence in (9) with respect to a particular column hn of H amounts to minimizing
The vector b(n , n) does not depend on hn but only on (the current value of) neighboring columns. Finding an upper bound to Cn(hn) can be done by bounding the individual summands in (10) and summing the bounds. The summands are given by
The summands in (11) can themselves be decomposed as the sum of convex and concave parts which can be bounded with Jensen and [10, 12] . The overall resulting bound can be minimized analytically, leading to
.
(12) It is easy to see that the update rule is consistent with traditional NMF. Indeed, when setting T = 1, (12) boils down to the traditional NMF multiplicative MM update [10] .
The block-coordinate descent architecture dictates that we updateV after each update of a column of H. It is unnecessary to update the wholeV after updating hn since only the columns n to min{n + T − 1, N } ofV are altered by the update of hn. This method for updating H, summarized in Algorithm 2, will be called MM1 thereafter.
Sequential formulation of the global MM update for H
It can be shown that the convolutive NMF problem can be solved by casting it as a traditional NMF problem by unfolding the convolution in a higher dimensional space. Indeed, introducing vec(·) the vectorization operator and ⊗ the Kronecker product, (2) can be written as vec(V) ≈ W vec(H) using the property vec(AB) = (I ⊗ A)vec(B) where
and t IN denotes the N ×N matrix of zeros with a t-th subdiagonal of ones. W is a M N × KN block-band matrix resulting from the sum of all Kronecker products. This matrix is nonnegative and can thus play the role of the dictionary in a traditional NMF problem. Using this formulation, the activation H can be updated with standard MM [10] , leading to
. Interestingly, it can be shown that performing this update is equivalent to performing the update (12) sequentially, i.e., for n = 1, . . . , N , without refreshment ofV after each update of hn but only once after updating all the columns. This leads to an efficient sequential algorithm that performs a global MM update of H, which avoids creating and manipulating the large-scale M N × KN matrix W. This algorithm will be referred to as MM2 and is summarized in Algorithm 2.
Complexity analysis
The complexity of the three convolutive algorithms obtained by combining the update of {W(t)}t defined in Section 3.1 with those of H proposed in Sections 3.2, 3.3 and 3.4 are given in Table 1 .
We can see that the dominant terms are O(M KN T ) for all three algorithms and divergences, and hence T times the complexity O(M KN ) of traditional NMF. 
EXPERIMENTS
Description of the data
The following experiments will use a 23-second musical excerpt of Mamavatu by Susheela Raman sampled at 16 kHz. We used a 640 point spectrum (40 ms) which resulted in M = 321 distinct frequency bins. We applied 50% overlapping sinebell windows before performing the discrete Fourier transform. This leads to N = 1191 time frames. We consider three values of β ∈ {0, 1, 2}, corresponding to the IS, KL and squared Euclidean loss, respectively. The nonnegative data matrix V is computed as the squared magnitude spectrogram for β = 0 and as the magnitude spectrogram for β = 1 and β = 2, which corresponds to three commonly used choices [2] . Each run the three convolutive NMF algorithms is initialized the same starting points. We perform experiments based on a fixed number of iterations Niter which appears to be roughly equivalent to fixing the execution time of each algorithm. All the experiments are run on a single core of a DELL PowerEdge R620 equipped with 2 Intel Xeon E5-2690v2 @ 3.0 GHz and 128 GB of RAM. The experiments were run using MATLAB. Code implementing the algorithms and the experiments is made available online. 2 1 Note that complexity of traditional NMF can be reduced when β = 2 by computing W TV as (W T W)H [13] . Unfortunately, this trick is not possible in convolutive NMF sinceV is a sum of several terms in this case. Fig. 1 . Evolution of the objective function over 10 4 iterations for the Mamavatu experiment with the execution time (left) and zoom at the end (right). Table 2 . Execution time per iteration (in milliseconds).
Single run experiment
To start, we carry out an experiment where the algorithms are run once for β = 0 with T = 10, K = 10 and using Niter = 10 4 iterations, providing an overall idea of the execution speeds and behavior of the objective function values. We can see in Fig. 1 that the heuristic runs faster than the two MM algorithms on this run, and that MM1 is slightly slower than MM2. The experiment highlights the fact that the heuristic does not always decrease the objective function value, while the proposed MM algorithms ensures its monotonic decrease. Moreover, MM1 and MM2 yield substantially smaller objective function values than the heuristic (and after a few iterations only).
Execution time
The second experiment uses the same setting than in Section 4.2 but considers multiple values for T and β. The goal is to examine the influence of these parameters on the execution speed. Results are reported in Table 2 and confirm that the execution time for each algorithm is proportional to (and hence increases with) convolution length T . This was to be expected given the linear complexity O(M KN T ) per iteration of all algorithms. The algorithms have similar speed for β = 1 and β = 2, and run slower for β = 0. For each value of β, the two MM algorithms are found to be slower than the heuristic algorithm. While this cannot be explained from the complexity values reported in Table 2 , which are similar for a given β, the observed slow-down is likely caused by the use of MATLAB for-loops in the update of H with the MM algorithms.
Objective function minimization
In a third experiment, we investigate the ability of each algorithm to minimize the divergence between the nonnegative data matrix V and Table 3 . Average objective function values (with standard deviations over 100 random initializations) reached after Niter = 1000.
11.6 ± 12.9 26.7 ± 24.3 24.6 ± 22. 1 5 15.7 ± 17.8 21.0 ± 21.5 19.6 ± 13.4 10 2.1 ± 6.6 19.0 ± 24.0 39.5 ± 17.8 Table 4 . Average percentage (with standard deviations over 100 random initializations) of times the objective function value has actually increased using the heuristic algorithm (Niter = 1000 iterations).
its convolutive NMF approximationV. The algorithms are run for Niter = 1000 iterations and the end values of the objective function are averaged over 100 random initializations. Results are reported in Table 3 . They show that the two MM algorithms provide equivalent performances and perform significantly better than the heuristic in every case. MM1 appears to be slightly better than MM2. Interestingly, the objective function end value increases with T for the heuristic, while it decreases (as should be expected) for the MM algorithms. The MM algorithms can take advantage of the increasing degrees of freedom offered by larger values of T . In contrast, the heuristic on which the update (7-8) is based seems less and less plausible as T increases. Note that qualitatively similar results (not reproduced here due to space limitations) were obtained when comparing objective function values after a fixed budget of CPU time instead of iterations. Finally, Table 4 shows the fraction (in %) of iterations for which the heuristic algorithm has actually increased the objective function value between two consecutive iterations (remember that the MM algorithms ensure its decrease at each iteration). Up to 25% of the iterations can lead to an increase of the objective function for the scenarios considered here. This is coherent with the inferior performance in terms of objective function value obtained for the heuristic reported in Table 3 . Indeed, any of these increases is bound to impact the overall minimization performances as observed in Fig. 1 .
CONCLUSION
This paper addressed the problem of finding rigorous MM-based updates for convolutive NMF with the β-divergence. We proposed two rigorous algorithms that ensure monotonic decrease of the objective function. Experiments showed that the proposed MM algorithms consistently provide lower values of the objective function than the heuristic. All algorithms have similar complexity, yet the MM updates are found to be slightly slower because of implementation issues. Overall, the sequential algorithm MM2 for the global update of H yields best overall trade-off between computation time and performance.
